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Abstract
In [Akbari and Moghaddamfar, Recognizing by order and degree pattern of some pro-
jective special linear groups, Internat. J. Algebra Comput., 2012] the authors possed the
following problem:
Problem. Is there a simple group which is k-fold OD-characterizable for k ≥ 3 ?
In this paper as the main result we give positive answer to the above problem and we
introduce two simple groups which are k-fold OD-characterizable such that k ≥ 6.
Also in [R. Kogani-Moghadam and A. R. Moghaddamfar, Groups with the same order
and degree pattern, Science China Mathematics, 2012], the authors possed two conjectures
as follows:
Conjecture 1. All alternating groups Am with m 6= 10 are OD-characterizable.
Conjecture 2. All symmetric groups Sm, with m 6= 10, are n-fold OD-characterizable,
where n ∈ {1, 3}.
In this paper we find some alternating and some symmetric groups such that these con-
jectures are not true for them.
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1 Introduction
In this paper every group is finite. If n is a natural number, then we denote by pi(n), the set
of all prime divisors of n. If G is a finite group, then pi(|G|) is denoted by pi(G). The prime
graph GK(G) of a group G is defined as a graph with vertex set pi(G) in which two distinct
primes p, q ∈ pi(G) are adjacent (and we write p ∼ q) if G contains an element of order pq. In
[5, Proposition 1.1], it is proved that if r, s ∈ pi(An) \ {2}, then r ≁ s in GK(An) if and only if
r + s > n and 2 ≁ r in GK(An) if and only if r + 4 > n.
Definition 1.1. ([3]) Let G be a group and pi(G) = {p1, p2, . . . , pk} where p1 < p2 < · · · < pk.
Then the degree pattern of G is defined as follows:
D(G) := (deg(p1),deg(p2), . . . ,deg(pk)),
where deg(pi), 1 ≤ i ≤ k, is the degree of vertex pi in GK(G).
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For a group G, denote by hOD(G) the number of nonisomorphism finite groups H, such that
|H| = |G| and D(H) = D(G).
Definition 1.2. ([3]) Let G be a group. We call that G is k-fold OD-characterizable if hOD(G) =
k. When k = 1, the finite group G is called OD-characterizable.
OD-characterization of some finite groups are considered by some authors (see the references
of [3]). In [4], the following problem about OD-characterization of finite simple groups is possed
(see also [1, 3, 4]):
Problem 1.3. Is there a simple group which is k-fold OD-characterizable for k ≥ 3 ?
Also in [3], the authors put the following conjectures:
Conjecture 1.4. All alternating groups Am with m 6= 10 are OD-characterizable.
Conjecture 1.5. All symmetric groups Sm, with m 6= 10, are n-fold OD-characterizable, where
n ∈ {1, 3}.
Until now, Conjecture 1.4 is valid for n = p, p+1 and p+2, where p is an odd prime number.
In this paper as the main result we prove the following theorem and using this theorem we
introduce some finite simple groups which are k-fold OD-characterizable, where k ≥ 6. Also we
present some counterexamples for the above conjectures.
Main Theorem 1.6. Let p be an odd prime number such that p + 2 and p + 4 are not prime
and p + 6 = 5α, for some natural number α. Also let H and T be some groups such that
|H| = p+ 6 = 5α and |T | = 2(p+ 6). Then we have:
(1) |Ap+6| = |Ap+5 ×H| and D(Ap+6) = D(Ap+5 ×H),
(2) |Sp+6| = |Sp+5 ×H| and D(Sp+6) = D(Sp+5 ×H),
(3) |Sp+6| = |Ap+5 × T | and D(Sp+6) = D(Ap+5 × T ).
Remark 1.7. Easily we can see that p = 619 = 54 − 6, 15619 = 56 − 6, 9765619 = 510 − 6
satisfy the hypothesis of the main theorem.
Corollary 1.8. If (G,K) = (A625, A624) or (S625, S624), then the following groups have the same
order and degree pattern: G, K × Z625, K × Z125 × Z5, K × Z25 × Z25, K × Z25 × Z5 × Z5,
K × Z5 × Z5 × Z5 × Z5.
Corollary 1.9. We have hOD(A625) ≥ 6. In Particular, the simple group A625 is an answer
for Problem 1.3 and also we see that Conjecture 1.4 is not true.
Corollary 1.10. We have hOD(S625) ≥ 6. In Particular, Conjecture 1.5 is not true.
Corollary 1.11. Let p = 5α − 6 satisfies the assumptions of the main theorem. If m is the
number of nonisomorphic finite groups of order 5α, then hOD(Ap+6) ≥ m+1 and hOD(Sp+6) ≥
m+ 1.
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2 Proof of The Main Theorem
Let p be a prime number such that p + 2 and p + 4 are not prime and p + 6 = 5α, for some
natural number α. The proof of the main theorem for symmetric groups is similar to alternating
groups.
First we show that GK(Ap+6) = GK(Ap+5). By assumption, p + 6 is a power of 5 and so
pi(Ap+6) = pi(Ap+5). Since p+2 and p+4 are not prime numbers, by [5, Proposition 1.1], we get
that every vertex is adjacent to 2, 3 and 5 in GK(Ap+5) and GK(Ap+6). Then it is sufficient to
check the adjacency of odd primes in these graphs.
Let r, s ∈ pi(Ap+5) \ {2}. By [5, Proposition 1.1], if r ∼ s in GK(Ap+5), then r+ s ≤ p+5 <
p + 6 and so r ∼ s in GK(Ap+6). Let r ≁ s, in GK(Ap+5). Then by [5, Proposition 1.1], we
have r + s > p + 5. Since p + 6 is odd, we get that r + s 6= p + 6, and so r + s > p + 6. This
implies that r ≁ s in GK(Ap+6).
Let r, s ∈ pi(Ap+6) \ {2}. If r ≁ s in GK(Ap+6), then by [5, Proposition 1.1], r+ s > p+6 >
p+ 5 and so r ≁ s in GK(Ap+5). Since r + s 6= p+ 6, if r ∼ s in GK(Ap+6), then r + s ≤ p+ 5
and so r ∼ s in GK(Ap+5).
Therefore by the above discussion we conclude that GK(Ap+6) = GK(Ap+5). Now if H
is a group such that |H| = p + 6 = 5α, then |Ap+6| = |Ap+5 × H|. Also since 5 is adjacent
to each vertex in GK(Ap+6) and |H| = 5
α, then we get that GK(Ap+6) = GK(Ap+5 × H).
Therefore for every group H, such that |H| = p + 6 = 5α, we have |Ap+6| = |Ap+5 × H| and
D(Ap+6) = D(Ap+5 ×H).
References
[1] B. Akbari, A. R. Moghaddamfar, Recognizing by order and degree pattern of some projec-
tive special linear groups, Internat. J. Algebra Comput. 22 (6), (2012) 1250051, 22 pp.
[2] A. A. Hoseini, A. R. Moghaddamfar, Recognizing alternating groups Ap+3 for certain primes
p by their orders and degree patterns, Front Math. China, 5 (3), (2010) 541–553.
[3] R. Kogani-Moghadam and A. R. Moghaddamfar, Groups with the same order and degree
pattern, Science China Mathematics, 55 (4), (2012) 701–720.
[4] A. R. Moghaddamfar; A. R. Zokayi, Recognizing finite groups through order and degree
pattern, Algebra Colloq.,15 (3), (2008) 449-456.
[5] A. V. Vasil’ev and E. P. Vdovin, An adjacency criterion for the prime graph of a finite
simple group, Algebra Logic, 44 (6), (2005) 381–406.
3
